Abstract. In the previous article (J. Geom. Phys. 43 (2002) 146), we show the hyperelliptic solutions of a loop soliton as a study of a quantized elastica. This article gives some functional relations in a loop soliton as a quantized elastica.
Introduction
As mentioned in [Ma3] , there is a resemblance between the quantized elastica problem and the automorphic functions over a half plane. This article gives some functional relations in a loop soliton as a quantized elastica, which remind us of properties of the replicable functions [FMN, Mc, MS] .
We proposed problems of the quantized elastica in [Ma6] . Let a circle S 1 immersed in C characterized by the affine coordinate Z(s) := X 1 (s)+ √ −1X 2 (s) around the origin. Here s is a parameter of S 1 satisfying ds 2 = (dX 1 ) 2 +(dX 2 ) 2 . For loops with the Euler-Bernoulli energy functional,
where {Z, s} SD , the Schwarz derivative,
the quantized elastica problem is to compute the "partition function"
in a certain sense. Here ∂ s := ∂/∂s. In the quantized elastica problems, we should calculate some contributions from loops with exciting states of (1). This contrasts with the ordinary (classical) elastica problem, in which we should compute its extremal points with respect to the energy functional (1).
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In order to make this physical functional (3) have mathematical meanings, we should classify the loop space with paying some attentions upon the energy functional (1). In [Ma6] , we studied the moduli space,
where ∼ means the euclidean moves. M C elas has a spectrum decomposition, M
As the loop soliton, which is defined as follows, preserves the local length and its energy functional (1), [Ma1, Ma6] shows that M C elas,E consists of the orbit space of the loop soliton. 
Using the loop soliton, we can classify the loop space in the category of differential geometry and compute its topological properties as mentioned in [Ma6] . As a loop soliton is expressed by a hyperelliptic function of genus g, we have an expression of the partition functions as follows.
where M C elas,g is a subspace of M C elas , whose elements are expressed by hyperelliptic functions of genus g.
In this article, we will study functional properties of the loop solitons as a quantized elastica, which remind us of properties of the replicable functions [FMN, Mc, MS] .
Preliminary for Hyperelliptic Functions
Hyperelliptic Curve: This article deals with a hyperelliptic curve C g of genus g (g > 0) given by the affine equation,
where λ 2g+1 ≡ 1 and λ j 's and
(1) For a point (x i , y i ) ∈ C g , the unnormalized differentials of the first kind are defined by,
(2) The Abel map from g-th symmetric product of the curve C g to C g is defined by,
Notation 2.1. Let us denote the homology of a hyperelliptic curve
The complete hyperelliptic integral of the first kind are defined by,
The Jacobi varieties (Jacobian) J g is defined as a complex torus,
Here Λ Λ Λ g is a g-dimensional lattice generated by the periodic matrix given by 2ω ω ω. Further u is the coordinate of C g and of the Jacobian J g .
Definition 2.2. Using the unnormalized differentials of the second kind,
the complete hyperelliptic integral matrices of the second kind are defined by,
The hyperelliptic σ function, which is a holomorphic function over u ∈ C g , is defined by
where γ is a certain constant factor, ϑ[] is the Riemann θ function, 
where γ r := −1/P ′ (b r ) and
(2) Hyperelliptic ζ ν function is defined by,
(3) Hyperelliptic ℘ µν function is defined by,
(4) The power symmetric function q is defined by
On the choice of γ r , we will employ the convention of Baker [Ba2] instead of original one [W1] .
Proposition 2.1.
(1) Introducing the half-period ω r := 
where γ
′′ r is a certain constant. (2) The hyperelliptic ℘ gi function is given as an elementary symmetric function,
i.e.,
where e µ (u) is the µ-th elementary symmetric function of x i 's. 
Relations in a loop soliton
As mentioned in [Ma3] , there is a resemblance between the quantized elastica problem and the automorphic functions over a half plane. This article gives relations in a quantized elastica.
We show some explicit results in [Ma3] as follows.
Proposition 3.1. Let the configuration of the x-components (x 1 , · · · , x g ) of the affine coordinates of the hyperelliptic curves Sym g (C g ) satisfy,
For such (x 1 , y 1 ), · · · , (x g , y g ), we have u := u((x 1 , y 1 ), · · · , (x g , y g )) and following results.
(1) By setting s ≡ u g and t
completely characterizes the loop soliton. (2) The shape of loop soliton is given by,
(3) The Schwarz derivative of Z with respect to u g
Before we will show our new results, we should remark the previous results in this stage as open problems.
Remark 3.1. In order to satisfy (25) for real parts in the Jacobian, we must constraint the coefficients in (7) of the curve. However we could not find such conditions in this stage like genus one case in [Mu1] . Thus we plan to consider these conditions in next step.
From the previous results, we automatically have following corollary. 
(2) When we regard Z (r) as a function of
Followings are our main results in this article. 
Proof. Due to (22), we have
u). (28) leads us (33).
From (3,27) in [Ma4] , which is essentially the Miura transformation, we have
As mentioned in (3.8) [Ma4] ,
we have
These constitute (32).
Remark 3.2.
(1) (33) is the generalization of (4.6) in [Ma3] which is the same formula of genus one. (2) F (b r ) can be regarded as a generation function of the elementary symmetric functions and thus behind our theorem, the Newton formula plays important roles. (3) It is noted that F (x) and ∂ ug F (x) appeared in the book of Mumford [Mu0] as U(x) and V (x) in his triplet representation (U, V, W ).
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(4) (29) can be stronger conditions for a closed loop soliton, i.e.,
In this case, we have its expansions using functions α n of (u 1 , u 1 , · · · , u g−1 ),
(5) On a loop soliton and geometry of MKdV equations, a reader should consult the reference [P] , which gives several mathematical open problems and results in related issues. (6) As in remarked in ( [P] , 4.3), our system is closedly related to the p.19 formula 27 in [F] , which is of the Schwarz derivative and prime form. The al-functions are solutions of the Dirac equation in [Ma3] , which is the spinor representation of the Frenet-Serret equation. We should connect them.
Winding loops
As loop soliton and an element in M C elas defined as a loop modulo euclidean moves, we should regard Z (r) as a vector in the complex plane. It implies that an addition of Z (r) 's with complex coefficients has mathematical meanings.
Further as mentioned in [Ma2] , there is a winding solutions in our moduli space M C elas . Hence we will define a winding loop soliton for a loop soliton Z (r) (u), Z (r,n) (u) := 1 n Z (r) (nu).
